Abstract. General rotational surfaces as a source of examples of surfaces in the fourdimensional Euclidean space have been introduced by C. Moore. In this paper we consider the analogue of these surfaces in the Minkowski 4-space. On the base of our invariant theory of spacelike surfaces we study general rotational surfaces with special invariants. We describe analytically the flat general rotational surfaces and the general rotational surfaces with flat normal connection. We classify completely the minimal general rotational surfaces and the general rotational surfaces consisting of parabolic points.
Introduction
The local theory of spacelike surfaces in the four-dimensional Minkowski space R 4 1 was developed by the present authors in [6] . Our approach to this theory is based on the introduction of an invariant linear map of Weingarten-type in the tangent plane at any point of the surface. This invariant map allowed us to introduce principal lines and a geometrically determined moving frame field at each point of the surface. Writing derivative formulas of Frenettype for this frame field, we obtained eight invariant functions γ 1 , γ 2 , ν 1 , ν 2 , λ, µ, β 1 , β 2 , and proved a fundamental theorem of Bonnet-type, stating that these eight invariants under some natural conditions determine the surface up to a motion in R 1 are characterized by conditions on these invariant functions. For example, surfaces with flat normal connection are characterized by the condition ν 1 = ν 2 , minimal surfaces are described by ν 1 + ν 2 = 0, Chen surfaces are characterized by λ = 0.
Rotational surfaces are basic source of examples of many geometric classes of surfaces. In [14] C. Moore introduced general rotational surfaces in the four-dimensional Euclidean space R 4 and described a special case of general rotational surfaces with constant Gauss curvature [15] .
In the present paper we consider spacelike general rotational surfaces which are analogous to the general rotational surfaces of C. Moore. We apply the invariant theory of spacelike surfaces in R 4 1 to the class of general rotational surfaces with plane meridians. Using the invariants of these surfaces we describe analytically the flat general rotational surfaces (Theorem 3.2) and the general rotational surfaces with flat normal connection (Theorem 3.3). In Theorem 3.4 we give the complete classification of general rotational surfaces consisting of parabolic points. The classification of minimal general rotational surfaces is given in Theorem 3.5.
Preliminaries
Let R 4 1 be the four-dimensional Minkowski space endowed with the metric , of signature (3, 1) and Oe 1 e 2 e 3 e 4 be a fixed orthonormal coordinate system, i.e. e .
The second fundamental form II is invariant up to the orientation of the tangent space or the normal space of the surface. The condition L = M = N = 0 characterizes points at which the space {σ(x, y) : x, y ∈ T p M 2 } is one-dimensional. We call such points flat points of the surface [6] . These points are analogous to flat points in the theory of surfaces in R 3 and R 4 [2, 3] . In [6] we gave a local geometric description of spacelike surfaces consisting of flat points proving that any spacelike surface consisting of flat points whose mean curvature vector at any point is a non-zero spacelike vector or timelike vector either lies in a hyperplane of R 
is said to be an asymptotic line, respectively a principal line, if its tangent at any point is asymptotic, respectively principal. The surface M 2 is parameterized by principal lines if and only if F = 0, M = 0.
The second fundamental form II generates two invariant functions:
The functions k and κ are invariant under changes of the parameters of the surface and changes of the normal frame field. The sign of k is invariant under congruences and the sign of κ is invariant under motions in R 4 1 . However, the sign of κ changes under symmetries with respect to a hyperplane in R 4 1 . It turns out that the invariant κ is the curvature of the normal connection of the surface (see [6] ). The number of asymptotic tangents at a point of M 2 is determined by the sign of the invariant k.
As in the theory of surfaces in R 3 and R 4 the invariant k divides the points of M 2 into the following types: elliptic (k > 0), parabolic (k = 0), and hyperbolic (k < 0).
Let H be the normal mean curvature vector field. Recall that a surface M 2 is said to be minimal if its mean curvature vector vanishes identically, i.e. H = 0. The minimal surfaces are characterized in terms of the invariants k and κ by the equality [6] 
It is interesting to note that the "umbilical " points, i.e. points at which the coefficients of the first and the second fundamental forms are proportional (L = ρE, M = ρF, N = ρG, ρ = 0), are exactly the points at which the mean curvature vector H is zero. So, the spacelike surfaces consisting of "umbilical" points in R Considering spacelike surfaces in R 4 1 whose mean curvature vector at any point is a nonzero spacelike vector or timelike vector, on the base of the principal lines we introduced a geometrically determined orthonormal frame field {x, y, b, l} at each point of such a surface [6] . The tangent vector fields x and y are collinear with the principal directions, the normal vector field b is collinear with the mean curvature vector field H. Writing derivative formulas of Frenet-type for this frame field, we obtained eight invariant functions γ 1 , γ 2 , ν 1 , ν 2 , λ, µ, β 1 , β 2 , which determine the surface up to a rigid motion in R 4 1 . The invariants γ 1 , γ 2 , ν 1 , ν 2 , λ, µ, β 1 , and β 2 are determined by the geometric frame field {x, y, b, l} as follows
The invariants k, κ, and the Gauss curvature K of M 2 are expressed by the functions ν 1 , ν 2 , λ, µ as follows:
where ε = sign H, H . The norm H of the mean curvature vector is expressed as
If M 2 is a spacelike surface whose mean curvature vector at any point is a non-zero spacelike vector or timelike vector, then M 2 is minimal if and only if ν 1 + ν 2 = 0. The geometric meaning of the invariant λ is connected with the notion of Chen submanifolds. Let M be an n-dimensional submanifold of (n + m)-dimensional Riemannian manifold M and ξ be a normal vector field of M. B.-Y. Chen [1] defined the allied vector field a(ξ) of ξ by the formula
where Chen defined the A-submanifolds to be those submanifolds of M for which a(H) vanishes identically [1] . In [7] , [8] the A-submanifolds are called Chen submanifolds. It is easy to see that minimal submanifolds, pseudo-umbilical submanifolds and hypersurfaces are Chen submanifolds. These Chen submanifolds are said to be trivial Chen-submanifolds.
In [6] we showed that if M 2 is a spacelike surface in R 4 1 with spacelike or timelike mean curvature vector field then the allied mean curvature vector field of M 2 is
Hence, if M 2 is free of minimal points, then a(H) = 0 if and only if λ = 0. This gives the geometric meaning of the invariant λ: M 2 is a non-trivial Chen surface if and only if the invariant λ is zero.
Basic classes of general rotational surfaces
General rotational surfaces in the Euclidean 4-space R 4 were introduced by C. Moore [14] as follows. Let c :
; u ∈ J ⊂ R be a smooth curve in R 4 , and α, β be constants. A general rotation of the meridian curve c in R 4 is defined by
where
In the case β = 0, x 2 (u) = 0 the plane Oe 3 e 4 is fixed and one gets the classical rotation about a fixed two-dimensional axis.
In [13] we considered a special case of such surfaces, given by
, and α, β are positive constants. In the case α = β each parametric curve u = const is a curve in R 4 with constant Frenet curvatures, and in the case α = β each parametric curve u = const is a circle. The parametric curves v = const are plane curves with Frenet curvature
. These curves are the meridians of M.
The surfaces defined by (1) are general rotational surfaces in the sense of C. Moore with plane meridian curves. In [13] we found the invariants of these surfaces and completely classified the minimal super-conformal general rotational surfaces in R 4 . The classification of the general rotational surfaces in R 4 consisting of parabolic points is given in [4] .
Similarly
In the case β = 0, x 2 (u) = 0 (or x 1 (u) = 0) one gets the standard rotational surface of elliptic type in R 4 1 . A local classification of spacelike rotational surfaces of elliptic type, whose mean curvature vector field is either vanishing or lightlike, was obtained in [10] .
In the case α = 0, x 3 (u) = 0 we get the standard hyperbolic rotational surface of first type, and in the case α = 0, x 4 (u) = 0 we get the standard hyperbolic rotational surface of second type. A local classification of spacelike rotational surfaces of hyperbolic type with either vanishing or lightlike mean curvature vector field is given in [9] . In [11] the timelike and spacelike hyperbolic rotational surfaces with non-zero constant mean curvature in the three-dimensional de Sitter space S 3 1 were classified. Similarly, a classification of the spacelike and timelike Weingarten rotational surfaces in S 3 1 is given in [12] . In [5] we described the class of Chen spacelike rotational surfaces of hyperbolic or elliptic type in R In [6] we considered spacelike general rotational surfaces with plane meridians in the Minkowski space R 4 1 and found their invariant functions. Here we shall describe and classify some basic geometric classes of such surfaces.
Let M 1 be the surface parameterized by
where u ∈ J ⊂ R, v ∈ [0; 2π), f (u) and g(u) are smooth functions, satisfying
, and α, β are positive constants. The coefficients of the first fundamental form of
. M 1 is a spacelike surface whose mean curvature vector at any point is a non-zero spacelike vector (see [6] ). Moreover, M 1 is parameterized by principal parameters (u, v).
The invariants k, κ, and K of M 1 are expressed by the functions f (u), g(u) and their derivatives as follows:
;
The geometric invariant functions γ 1 , γ 2 , ν 1 , ν 2 , λ, µ, β 1 , β 2 of M 1 are:
In a similar way we can consider the surface M 2 parameterized by
where u ∈ J, v ∈ [0; 2π), f (u) and g(u) are smooth functions, satisfying f
. M 2 is a spacelike surface with timelike mean curvature vector field. The parameters (u, v) of M 2 are principal.
The invariants k, κ, and K of M 2 are expressed similarly to the invariants of M 1 [6] :
The geometric invariant functions of M 2 are given below:
(11)
We shall call the general rotational surface M 1 , defined by (2), a general rotational surface of first type, and the general rotational surface M 2 , defined by (7), we shall call a general rotational surface of second type.
Note that the invariant λ of the general rotational surfaces of first or second type is zero. Hence, the following statement holds. In the following subsections we shall describe the classes of flat general rotational surfaces, general rotational surfaces with flat normal connection, general rotational surfaces consisting of parabolic points, and minimal general rotational surfaces.
3.1. Flat general rotational surfaces. Let M 1 and M 2 be general rotational surfaces of first and second type, respectively. Recall that a surface is called flat if the Gauss curvature K is zero. Using equalities (5) and (10) we obtain
Theorem 3.2. (i) The general rotational surface of first type is flat if and only if
(ii) The general rotational surface of second type is flat if and only if
Assume that the meridian curve is parameterized by f = f (u); g = u. Then equation (12) takes the form f
which is equivalent to
Similarly, equation (13) takes the form
Equations (14) and (15) describe analytically the class of flat general rotational surfaces of first and second type.
3.2.
General rotational surfaces with flat normal connection. A surface is said to have flat normal connection if the curvature of the normal connection is zero. The curvature of the normal connection of the general rotational surface M 1 (resp. M 2 ) is given by formula (4) (resp. (9)). Using these formulas we obtain the next theorem. 
The general rotational surface of second type has flat normal connection if and only if
If we assume that the meridian curve is parameterized by f = f (u); g = u, then equation (16) takes the form (17) takes the form
The class of general rotational surfaces with flat normal connection is described analytically by equations (18) and (19). Example 1. Let f (u) = a cos u, g(u) = a sin u, a = const (a = 0). A direct computation shows that equation (16) is fulfilled. Hence, the surface parameterized by z(u, v) = (a cos u cos αv, a cos u sin αv, a sin u cosh βv, a sin u sinh βv) is a spacelike general rotational surface of first type with flat normal connection.
In the special case when a = 1, α = β = 1 we obtain a spacelike surface lying on the De Sitter space S 1 ; x, x = 1}. Example 2. If we choose f (u) = a sinh u, g(u) = a cosh u, a = const (a = 0), by a direct computation we obtain that equation (17) is fulfilled. Hence, the surface parameterized by z(u, v) = (a sinh u cos αv, a sinh u sin αv, a cosh u sinh βv, a cosh u cosh βv) is a spacelike general rotational surface of second type with flat normal connection.
In the special case a = 1, α = β = 1 we obtain a spacelike surface lying on the unit hyperbolic sphere H (
Without loss of generality we assume that the meridian curve is given by f = u; g = g(u). Then equality (20) takes the form
which implies that the invariant k is zero in the following three cases: 1. g(u) = a u, a = const = 0. In this case k = κ = K = 0, and by a result in [6] the corresponding general rotational surface (of first or second type) is a developable ruled surface in R , c = const = 0. In this case the meridians are not straight lines. The invariants κ and K are non-zero, and hence, the corresponding general rotational surface is a non-ruled surface in R 
3.4.
Minimal general rotational surfaces. In this subsection we shall find all minimal general rotational surfaces of first and second type. Recall that a surface is minimal if and only if ν 1 + ν 2 = 0. Hence, using (6) we get that the general rotational surface of first type is minimal if and only if the functions f (u) and g(u) satisfy the equality
Similarly, from (11) it follows that the general rotational surface of second type is minimal if and only if
We shall find the solutions of equalities (21) and (22). In such a way we shall describe the class of minimal general rotational surfaces of first and second type. After integration we obtain arcsin βg √ A = ε β α ln αf + A + α 2 f 2 + C, C = const.
Consequently, in the case of a minimal general rotational surface of second type the meridian curve is given by (32) g = √ A β sin ε β α ln αf + A + α 2 f 2 + C .
A direct computation shows that if the meridian curve is given by formula (32), then equality (22) is satisfied. Hence, the general rotational surface of second type is minimal.
Finally, it should be mentioned that the classes of minimal general rotational surfaces and general rotational surfaces consisting of parabolic points are found explicitly. The classes of flat general rotational surfaces and general rotational surfaces with flat normal connection are described analytically by ordinary differential equations. An open question is to find them explicitly.
